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Abstract

We amguethatK—meansanddeterministicannealingalgorithmsfor geo-
metricclusteringcanbederived from the moregeneralnformationBot-

tleneckapproach.If we clusterthe identitiesof datapointsto presere

informationabouttheirlocation,the setof optimalsolutionsis massiely

degenerateBut if we treatthe equationghatdefinethe optimalsolution
asaniterative algorithm,thena setof “smooth”initial conditionsselects
solutionswith the desiredgeometricaproperties.In additionto concep-
tual unification, we argue that this approachcan be more efficient and
robustthanclassicalgorithms.

1 Intr oduction

Clusteringis one of the mostwidespreadnethodsof dataanalysisand embodiesstrong
intuitions aboutthe world: Many differentacousticwaveformsstandfor the sameword,
mary differentimagescorrespondo the sameobject,etc.. At acolloquiallevel, clustering
groupsdatapoints so that points within a clusterare more similar to one anotherthan
to pointsin differentclusters. To achieve this, one hasto assigndatapointsto clusters
anddeterminehow mary clustersto use. (Dis)similarity amongdatapointsmight, in the
simplestexample, be measuredvith the Euclideannorm, and then we could ask for a
clusteringof the points' {x;}, i = 1,2,..., N, suchthatthe meansquaredistanceamong
pointswithin the clustersis minimized,
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wherethereare N, clustersandn, pointsare assignedo clusterc. Widely useditera-
tive reallocationalgorithmssuchasK—-meang5, 8] provide anapproximatesolutionto the

!Notation: All bold facedvariablesin this paperdenotevectors.



problemof minimizing this quantity Severalalternatve costfunctionshavebeenproposed
(seee.qg.[5]), andsomeuseanalogiesith physicalsystemg3, 7]. However, thisapproach
doesnot give aprincipledanswerto how mary clustersshouldbe used. Oneoftenintro-
ducesandoptimizesanothercriterionto find the optimal numberof clusterseadingto a
variety of “stoppingrules” for the clusteringprocesq5]. Alternatively, cross-alidation
methodscanbe used[11] or, if the underlyingdistribution is assumedo have acertain
shape(mixture models),thenthe numberof clusterscanbe found, e.g by usingthe BIC

[4].

A differentview of clusteringis provided by informationtheory Clusteringis viewed as
lossydatacompressiontheidentity of individual points(~ log, N bits)is replacedoy the
identity of the clusterto which they areassigned~ log, N, bits < log, N bits). Each
clusteris associateavith a representate point x., andwhatwe losein the compression
arethedeviationsof theindividual x; <., from therepresentatie x.. Oneway to formalize
thistradingbetweerdatacompressiomnderroris rate—distortiortheory[10], which again
requiresus to specify a function d(x;, x.) that measureshe magnitudeof our error in
replacingx; by x.. The trade-of betweenthe coding costand the distortion definesa
oneparametefamily of optimizationproblemsandthis parametecanbe identifiedwith
temperaturé¢hroughananalogywith statisticaimechanic$9]. Aswelowerthetemperature
therearephasdransitionsto solutionswith moreandmoredistinct clusters,andif we fix
the numberof clustersand vary the temperatureve find a smoothvariationfrom “soft”
(probabilistic)to “hard” (deterministic)clustering. For distortion functionsd(x, x’) o
(x —x’)?, adeterministicannealingapproacho solvingthevariationalproblemcorverges
to theK—meansalgorithmin thelimit of zerotemperaturg9].

A moregeneralinformationtheoreticapproacho clustering,the Information Bottleneck
method[13], explicitly implementsthe ideathat our analysisof the datatypically is mo-

tivatedby our interestin somederived quantity (e.g., words from sounds)and that we

shouldpresere this relevantinformationratherthantrying to guessat whatmetricin the

spaceof our datawill achieve the properfeatureselection.We imaginethateachpoint x;

occurstogetherwith a correspondingariablev;, andthatv is really the objectof inter-

est? Ratherthantrying to selectheimportantfeaturesof similarity amongdifferentpoints
x;, We clusterin x spaceto compresour descriptionof thesepointswhile preservingas
muchinformation as possibleaboutv, andagain this definesa one parametefamily of

optimizationproblems.In this formulationthereis no needo definea similarity (or dis-

tortion) measurethis measurarisesfrom the optimizationprincipleitself. Furthermore,
this framework allows usto find the optimal numberof clustersfor afinite datasetusing

perturbationtheory[12]. The InformationBottleneckprinciple thusallows a full solution

of the clusteringproblem.

ThelnformationBottleneckapproachs attractive preciselybecaus¢hegeneralityof infor-
mationtheoryfreesusfrom aneedto specifyin advancewhatit meangor datapointsto be
similar: Two pointscanbeclusteredogetheiif thismeigerdoesnotlosetoo muchinforma-
tion abouttherelevantvariablev. More precisely becausenutualinformationis invariant
to anyinvertible transformatiorof the variablesapproachesvhich arebuilt entirely from
suchinformationtheoreticquantitiesare independenbf any arbitrary assumptionsibout
what it meansfor two pointsto be closein the dataspace. This is especiallyattractve
if we want thesameinformationtheoreticprinciplesto apply bothto the analysisof, for
example,raw acousticwaveformsandto the sequencesf wordsfor which thesesounds
might stand[2]. Ontheotherhand,it is not clearhow to incorporatea geometricntuition
into the InformationBottleneckapproach.

A naturalandpurely informationtheoreticformulationof geometricclusteringmight ask
thatwe clusterthepoints,compressinghedataindex ; € [1, N] into asmallersetof cluster

2y doesnothaveto live in the samespaceasthedatax;.



indicesc € [1, V.| sothatwe presere asmuchinformationaspossibleaboutthelocations
of thepoints,i.e. locationx becomegherelevantvariable.Becausanutualinformationis
ageometridnvariant,hnowever, suchaproblemhasaninfinitely degeneratesetof solutions.
We emphasizé¢hatthis degenerag is a matterof principle,andnotafailing of anyapprox-
imatealgorithmfor solvingthe optimizationproblem.Whatwe proposehereis to lift this
degenerag by choosingthe initial conditionsfor aniterative algorithmwhich solvesthe
InformationBottleneckequationsin effect our choiceof initial conditionsexpresses no-
tion of smoothneser geometnyin thespaceof the{x; }, andoncethisis donethedynamics
of theiterative algorithmleadto a finite setof fixed points. For a broadrangeof tempera-
turesin the InformationBottleneckproblemthe solutionswe find in this way areprecisely
thosewhich would be found by a K-meansalgorithm,while at a critical temperaturave
recover the deterministicannealingapproacho rate—distortiortheory In additionto the
conceptuahttractionof connectinghesevery differentapproacheto clusteringin asingle
informationtheoreticframevork, we amguethat our approachmay havesomeadwantages
of robustness.

2 Derivation of K-meansfrom the Information Bottleneck method

We usethe InformationBottleneckmethodto solve the geometricclusteringproblemand
compresghe dataindices: into clusterindicesc in alossyway, keepingas muchinfor-
mationaboutthe locationx in the compressioras possible. The variationalprinciple is
then

Ir)r(lcz‘% [I(x,c) — M (c,1)] (2)

where )\ is a Lagrangeparametemhich regulatesthe trade-of betweencompressiorand
preseration of relevantinformation. Following [13], we assumehatp(x|i, ¢) = p(x]i),
i.e. thedistribution of locationsfor a datum,if theindex of the datumis known, doesnot
dependexplicitly on how we cluster Thenp(x|c) is givenby the Markov condition

plx]c) = I% 5 plxlp(lip(i 3)

For simplicity, let us discretizethe spacethat the datalive in, let us assumehatit is a
finite domainandthat we can estimatethe probability distribution p(x) by a normalized
histogram.Thenthe datawe obsere determine

p(X|Z) = 5xxm (4)
wheredx, is theKronecler-deltawhichis 1if x = x; andzerootherwise.Theprobability
of indicesis, of coursep(i) = 1/N.

The optimalassignmentule follows from the variationalprinciple (2) andis givenby

pleti) = 73y | S i x| ©

Z,

whereZ(i, A) ensuresiormalization. This equationhasto be solved self consistentlyto-
getherwith eq.(3)andp(c) = ), p(c|i)/N. Thesearethe InformationBottleneckequa-
tionsandthey canbe solved iteratively [13]. Denotingby p,, the probability distribution



afterthen-th iteration,theiterative algorithmis givenby

~1(¢)

pu(eli) = 5 (27 5 o Zp x[i) logs [pu-1 (x/c)] | (6)

e an, Zp x|i)pn (cli), (7

=+ an(cu). (8)

Let d(x,x’) be adistancemeasuren the dataspace We chooseN,. clustercentersc” at

randomandinitialize
1 1
_= (0)
plxle) = 7 s exp |~ x) ©

where Zy(c, \) is a normalizationconstantand s > 0 is somearbitrary length scale—
thereasorfor introducings will becomeapparenin the following treatment.After each

iteration,we determinetheclustercenters»cf:”), n > 1, accordingo (compard9])

(n)
X, XC
0= ) ( Qdlxxe ) (10)
which for the squaredlistancereducego
xgn) = prn(x|c). (12)

We furthermoreinitialize py(¢) = 1/N,, whereN, is the numberof clusters.Now define
theindex ¢ suchthatit denoteghe clusterwith clustercenterclosestto the datumx; (in
the n-th iteration):

*
G ¢

= arg Inm d(x;, (")) (12)

Proposition: If 0 < A < 1, andif the clusterindexed by ¢ is non—empty then for

n — oo
p(cli) = beer- (13)

Proof: From(7) and(4) we know thatp,, (x|c) o >, dxx,Pn(c|i)/pn—1(c) andfrom (6)
we have

pu(cli)/pu-1(6) x exp [i 3" plxli) ogs [pn_mxc)]] , (14)

and hence pn(x| ) & (pn—1(x| ))1/’\ Substituting (9), we have p;(x|c)
exp [—2xd(x, x4 )} Theclustercentersx!™ areupdatedn eachiterationandtherefore
we haveaftern iterations:
1
pr(X|c) o exp [—Wd(x x(n= 1))] (15)

wherethe proportionalityconstanhasto ensurenormalizationof the probability measure.
Use(14)and(15)to find that

(e o< pa(€)exp |~ o xf ) (16)



andagain theproportionalityconstantasto ensurenormalization.We cannow write the
probabilitythata datapointis assignedo the clusternearesto it:

pa(cili) =
-1

1
-y (n=1) (n—1)
an 1 exp[ o (d(xz,xc ) — d(x“x . ))] a7)

pn 1 6756

By definition d(xi,xg’”“”) —d(xi,x\V) > 0 Ve # ¢, andthusfor n — o,

exp {f = (d(x“xﬁ" Dy — d(x;, x(f 1)))] — 0, andfor clustersthatdo not havezero

occupany, i.e for whichp,,_1(c}) > O we havep(c;|i) — 1. Finally, becausef normal-
ization,p(c # cf|i )mustbezero O

Fromeg. (13) follows with equationg4), (7) and(11) thatfor n — oo

1
Xc e § Xz(scci ) ( 8)

X

wheren, = >, 60( This meansthat for the squaredistancemeasurethis algorithm
produceshe familiar K-meanssolution: we geta hardclusteringassignmen{13) where
eachdatum; is assignedo theclusterc! with thenearestenter Clustercentersareupdated
accordingo eq. (18) astheaverageof all the pointsthathavebeenassignedo thatcluster
For someproblems,the squareddistancemight be inappropriate and the updaterule for
computingthe clustercenteraddepend®n the particulardistancefunction (seeeq. 10).

Example. We considerthe squaredEuclideandistanced(x, x’) = |x — x'|?/2. With

this distancemeasuregqg. (15) tells us that the (Gaussianyistribution p(x|c) contracts
aroundthe clustercenterx,. asthe numberof iterationsincreasesThex,'s are,of course,
recomputedn every iteration,following eq. (11).

We createa syntheticdatasetby drawing 2500datapointsi.i.d. from four two-dimensional
Gaussiardistributionswith differentmeansandthe samevariance.Figure (1) shavs the

resultof numericaliterationof theequationg14) and(16)— ensuringpropernormalization
—aswell as(8) and(11), with A = 0.5 ands = 0.5. The algorithmconvergesto a stable
solutionaftern = 14 iterations.

This algorithmis lesssensitve to initial conditionsthanthe regular K-meansalgorithm.
We measurgehegoodnessf theclassificatiorby evaluatinghow muchrelevantinformation
1(x, ¢) thesolutioncapturesin thecasewe arelookingat, therelevantinformationreduces
to the entrofy H[p(c)] of the distribution p(c) at the solutior®. We used1000 different
randominitial conditionsfor the clustercentersandfor each,we iteratedegs. (8), (11),
(14) and (16) on the datain Fig. 1. We found two differentvaluesfor H[p(c)] at the
solution, indicating that thereare at leasttwo local maximain I(x,c). Figure2 shows
the fraction of the initial conditionsthat corvergedto the global maximum. This number
depend®n the parameters and \. For d(x,x’) = |x — x/|?/2s, theinitial distribution
) (x|c) is Gaussiawith variances. Largervariances makesthealgorithmlesssensitve
to the initial location of the clustercenters. Figure 2 shaws that, for large \aluesof s,
we obtaina solutionthat correspondso the global maximumof I(x, ¢) for 100% of the
initial conditions.Here,we fixed A at reasonablysmall valuesto ensurefastcorvergence
(A € {0.05,0.1,0.2}). Forthese\ values,the numberof iterationstill corvergencelies

81(x,c) = Hlp(c)] + 3, p(x) 3. p(c|x) log,(p(c|x)). Deterministicassignmentsp(c|i) =
dcer. Data points which are locatedat one particular position: p(x|i) = dxx,. We thushave

(c|x) = ﬁ(c)zip(di)p(x\i) = ﬁ(c) > Oxx;0ccr = Ocex, Wherec; = argmine d(x, Xc).
Then}"  p(c|x)log,(p(c|x) = 0 andhencel (x, c) = Hp(c)].
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Figurel: 2500datapointsdravni.i.d from four Gaussiamlistributionswith differentmeans
andthe samevariance.Thosedatawhich got assignedo the sameclusterareplottedwith
thesamesymbol. The dottedtracesndicatemovementf the clustercentergblackstars)
from theirinitial positionsin thelower left cornerof the graphto their final positionsclose
to the meansf the Gaussiardistributions(blackcircles)after 14 iterations.

betweenl0and20 (for 0.5 < s < 500). As we increase\ thereis a (noisy)trendto more
iterations.In comparisonwe did the sametestusingregular K-meang8] andobtaineda
globally optimalsolutionfrom only 75.8%o0f theinitial clusterlocations.

To seehow this algorithmperformson datain a higherdimensionakpacewe drav 2500
pointsfrom 4 twenty-dimensionaGaussiansvith variance0.3 alongeachdimension.The
typical euclideandistancedetweenthe meansarearound?7. We testedthe robustnesso
initial centerlocationsin the sameway aswe did for the two dimensionaldata. Despite
the high signalto noiseratio, the regular K-meansalgorithm[8], run on this data,findsa
globally optimalsolutionfor only 37.8%of theinitial centedocations presumabljpecause
the datais relatively scarceandthereforethe objective function is relatively rough. We
foundthat our algorithmcorvergedto the global optimumfor between78.0%and81.0%
of theinitial centedocationsfor largeenoughvaluesof s (1000 < s < 10000) andA = 0.1.

3 Discussion

Connectionto deterministic annealing For A\ = 1, we obtainthe solution
1
pn(cli) x exp {——d(xi,xﬁn_l))} (29)
S

wherethe proportionalityconstanensuresiormalization.This equationtogethewith eq.
(11), recoverstheequationslerivedfrom ratedistortiontheoryin [9] (for squaredistance),
only herethe lengthscales appearsn the positionof the annealingemperaturd” in [9].

We call this parametethe annealingtemperaturebecausg9] suggestshe following de-
terministic annealingscheme:start with large T'; fix the x.’s and computethe optimal
assignmentule accordingto eq. (19), thenfix the assignmentule andcomputethex.'s
accordingo eq. (11),andrepeathesewo stepsuntil convergence . Thenlowerthetemper
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Figure2: Rohlustnessf algorithmto initial centerpositionsas a function of the initial
variances. 1000differentrandominitial positionswere usedo obtainclusteringsolutions
onthedatashavnin Fig. 1. Displayedis, asafunctionof theinitial variances, thepercent
of initial centerpositionsthatconverge to a global maximumof the objective function. In
comparisonregular K-meang8] corvergesto the global optimumfor only 75.8%of the
initial centerpositions.The parameten is keptfixedatreasonablymallvalues(indicated
in the plot) to ensuregastconvergence(betweenl 0 and20 iterations).

atureandrepeatheprocedureThereis nogeneratule thattells ushow slow theannealing
hasto be. In contrastthe algorithmwe havederived herefor A < 1 suggestso startwith
a ery largeinitial temperaturegivenby s\, by makings very largeandto lower thetem-
peraturerapidly by making A reasonablysmall. In contrastio the deterministicannealing
schemeye do notiteratethe equationdor the optimalassignmentule andclustercenters
till corvergencebeforewe lowerthetemperaturehut insteadhetemperaturés loweredby
afactorof \ aftereachiteration. This producesan algorithmthat convergesrapidly while
finding a globally optimal solutionwith high probability.

For A = 1, we furthermorefind from eq. (15), thatp,, (x|c) o exp [—1d(x, xg"’l))} , and

for d(x,x’) = |x — x'|?/2, theclustersaresimply Gaussians.
For A > 1, we obtaina uselessolutionfor n — oo, thatassignsll thedatato onecluster

Optimal number of clusters Oneof the advancementshat the approachwe havelaid
out hereshouldbring is thatit shouldnow be possibleto extend our earlier resultson
finding the optimal numberof clusters[12] to the problemof geometricclustering. We
haveto leave the detailsfor a future paper but essentiallywe would argue that as we
obsenre afinite numberof datapoints,we make anerrorin estimatingthe distribution that
underliesthe generatiorof thesedatapoints. This mis-estimatdeadsto a systematierror
in evaluatingthe relevant information. We havecomputedthis error using perturbation
theory[12]. For deterministicassignmentéaswe havein the hardK—-meanssolution),we
know thata correctionof the errorintroducesa penaltyin the objective functionfor using
more clustersandthis allows usto find the optimal numberof clusters. Sinceour result
saysthatthe penaltydepend®nthe numberof binsthatwe useto estimatehe distribution
underlyingthe data[12], we eitherhaveto know the resolutionwith which to look at our



data,or estimatehisresolutionfrom thesizeof thedataset,asin e.g.[1, 6]. A combination
of theseinsightsshouldtell ushow to determinefor geometricatlustering the numberof
clustersthatis optimalfor afinite dataset.

4 Conclusion

We haveshawn thatit is possibleto castgeometricaklusteringinto the generaljnforma-
tion theoreticframavork provided by the InformationBottleneckmethod.More precisely
we clusterthedatakeepinginformationaboutlocationandwe haveshovn thatthedegener
acyof optimalsolutions which arisesrom thefactthatthe mutualinformationis invariant
to anyinvertible transformatiorof the variables,canbelifted by the correctchoiceof the
initial conditionsfor theiterative algorithmwhich solvesthe InformationBottleneckequa-
tions. We haveshawvn thatfor a large rangeof valuesof the Lagrangemultiplier A (which
regulatesthetrade-of betweerncompressiormndpreseration of relevantinformation),we
obtainanalgorithmthatconvergesto a hardclusteringk—meanssolution. We havefound
someindicationthat this algorithm might be more robust to initial centerlocationsthan
regular K-means. Our resultsalso suggestan annealingschemewhich might prove to
befasterthanthe deterministicannealingapproacho geometricaktlustering known from
rate—distortiontheory [9]. We recover the laterfor A = 1. Our resultsshednew light
ontheconnectiorbetweertherelatively novel InformationBottleneckmethodandearlier
approacheso clustering particularlythe well-established—meansalgorithm.
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