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Abstract

We arguethatK–meansanddeterministicannealingalgorithmsfor geo-
metricclusteringcanbederivedfrom themoregeneralInformationBot-
tleneckapproach.If we clusterthe identitiesof datapointsto preserve
informationabouttheir location,thesetof optimalsolutionsis massively
degenerate.But if we treattheequationsthatdefinetheoptimalsolution
asaniterativealgorithm,thenasetof “smooth” initial conditionsselects
solutionswith thedesiredgeometricalproperties.In additionto concep-
tual unification,we argue that this approachcanbe moreefficient and
robustthanclassicalgorithms.

1 Intr oduction

Clusteringis oneof the mostwidespreadmethodsof dataanalysisandembodiesstrong
intuitions aboutthe world: Many differentacousticwaveformsstandfor the sameword,
many differentimagescorrespondto thesameobject,etc..At acolloquiallevel, clustering
groupsdatapoints so that points within a clusterare more similar to one anotherthan
to points in differentclusters. To achieve this, onehasto assigndatapoints to clusters
anddeterminehow many clustersto use. (Dis)similarity amongdatapointsmight, in the
simplestexample,be measuredwith the Euclideannorm, and then we could ask for a
clusteringof thepoints1 {xi}, i = 1, 2, ..., N , suchthat themeansquaredistanceamong
pointswithin theclustersis minimized,
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wherethereareNc clustersandnc pointsareassignedto clusterc. Widely useditera-
tive reallocationalgorithmssuchasK–means[5, 8] provideanapproximatesolutionto the

1Notation:All bold facedvariablesin thispaperdenotevectors.



problemof minimizingthisquantity. Severalalternativecostfunctionshavebeenproposed
(seee.g.[5]), andsomeuseanalogieswith physicalsystems[3, 7]. However, thisapproach
doesnot give aprincipledanswerto how many clustersshouldbeused.Oneoften intro-
ducesandoptimizesanothercriterion to find theoptimalnumberof clusters,leadingto a
variety of “stoppingrules” for the clusteringprocess[5]. Alternatively, cross-validation
methodscanbe used[11] or, if the underlyingdistribution is assumedto have acertain
shape(mixture models),thenthe numberof clusterscanbe found, e.gby usingthe BIC
[4].

A differentview of clusteringis providedby informationtheory. Clusteringis viewedas
lossydatacompression;theidentityof individualpoints(∼ log2 N bits) is replacedby the
identity of the clusterto which they areassigned(∼ log2 Nc bits � log2 N bits). Each
clusteris associatedwith a representative point xc, andwhat we losein the compression
arethedeviationsof theindividualxi∈c, from therepresentativexc. Oneway to formalize
this tradingbetweendatacompressionanderroris rate–distortiontheory[10], whichagain
requiresus to specify a function d(xi,xc) that measuresthe magnitudeof our error in
replacingxi by xc. The trade-off betweenthe coding cost and the distortion definesa
oneparameterfamily of optimizationproblems,andthis parametercanbe identifiedwith
temperaturethroughananalogywith statisticalmechanics[9]. Aswelowerthetemperature
therearephasetransitionsto solutionswith moreandmoredistinctclusters,andif we fix
the numberof clustersandvary the temperaturewe find a smoothvariation from “soft”
(probabilistic) to “hard” (deterministic)clustering. For distortion functionsd(x,x′) ∝
(x−x

′)2, adeterministicannealingapproachto solvingthevariationalproblemconverges
to theK–meansalgorithmin thelimit of zerotemperature[9].

A moregeneralinformationtheoreticapproachto clustering,the InformationBottleneck
method[13], explicitly implementsthe ideathat our analysisof the datatypically is mo-
tivatedby our interestin somederived quantity (e.g., words from sounds)and that we
shouldpreserve this relevant informationratherthantrying to guessat whatmetric in the
spaceof our datawill achieve theproperfeatureselection.We imaginethateachpointxi

occurstogetherwith a correspondingvariablevi, andthatv is really the objectof inter-
est.2 Ratherthantrying to selecttheimportantfeaturesof similarity amongdifferentpoints
xi, we clusterin x spaceto compressour descriptionof thesepointswhile preservingas
much informationaspossibleaboutv, andagain this definesa oneparameterfamily of
optimizationproblems.In this formulationthereis no needto definea similarity (or dis-
tortion) measure;this measurearisesfrom theoptimizationprinciple itself. Furthermore,
this framework allows us to find theoptimalnumberof clustersfor a finite datasetusing
perturbationtheory[12]. TheInformationBottleneckprinciple thusallows a full solution
of theclusteringproblem.

TheInformationBottleneckapproachis attractivepreciselybecausethegeneralityof infor-
mationtheoryfreesusfrom aneedto specifyin advancewhatit meansfor datapointsto be
similar: Two pointscanbeclusteredtogetherif thismergerdoesnotlosetoomuchinforma-
tion abouttherelevantvariablev. More precisely, becausemutualinformationis invariant
to any invertible transformationof thevariables,approacheswhich arebuilt entirely from
suchinformationtheoreticquantitiesareindependentof any arbitraryassumptionsabout
what it meansfor two points to be closein the dataspace. This is especiallyattractive
if we want thesameinformationtheoreticprinciplesto apply both to the analysisof, for
example,raw acousticwaveformsandto the sequencesof wordsfor which thesesounds
might stand[2]. On theotherhand,it is not clearhow to incorporatea geometricintuition
into theInformationBottleneckapproach.

A naturalandpurely informationtheoreticformulationof geometricclusteringmight ask
thatweclusterthepoints,compressingthedataindex i ∈ [1, N ] into asmallersetof cluster

2
v doesnothave to live in thesamespaceasthedataxi.



indicesc ∈ [1, Nc] sothatwepreserveasmuchinformationaspossibleaboutthelocations
of thepoints,i.e. locationx becomestherelevantvariable.Becausemutualinformationis
ageometricinvariant,however, suchaproblemhasaninfinitely degeneratesetof solutions.
Weemphasizethatthisdegeneracy is amatterof principle,andnota failing of anyapprox-
imatealgorithmfor solvingtheoptimizationproblem.Whatwe proposehereis to lift this
degeneracy by choosingthe initial conditionsfor an iterative algorithmwhich solvesthe
InformationBottleneckequations.In effectourchoiceof initial conditionsexpressesano-
tion of smoothnessor geometryin thespaceof the{xi}, andoncethis is donethedynamics
of theiterative algorithmleadto a finite setof fixedpoints.For a broadrangeof tempera-
turesin theInformationBottleneckproblemthesolutionswefind in thiswayareprecisely
thosewhich would be found by a K–meansalgorithm,while at a critical temperaturewe
recover the deterministicannealingapproachto rate–distortiontheory. In additionto the
conceptualattractionof connectingtheseverydifferentapproachesto clusteringin asingle
informationtheoreticframework, we arguethatour approachmayhavesomeadvantages
of robustness.

2 Derivation of K–meansfr om the Inf ormation Bottleneckmethod

We usetheInformationBottleneckmethodto solve thegeometricclusteringproblemand
compressthe dataindicesi into clusterindicesc in a lossyway, keepingasmuchinfor-
mationaboutthe locationx in the compressionaspossible. The variationalprinciple is
then

max
p(c|i)

[I(x, c) − λI(c, i)] (2)

whereλ is a Lagrangeparameterwhich regulatesthe trade-off betweencompressionand
preservation of relevant information. Following [13], we assumethatp(x|i, c) = p(x|i),
i.e. thedistribution of locationsfor a datum,if the index of thedatumis known, doesnot
dependexplicitly on how wecluster. Thenp(x|c) is givenby theMarkov condition

p(x|c) =
1

p(c)

∑

i

p(x|i)p(c|i)p(i). (3)

For simplicity, let us discretizethe spacethat the datalive in, let us assumethat it is a
finite domainandthat we canestimatethe probability distribution p(x) by a normalized
histogram.Thenthedataweobservedetermine

p(x|i) = δxxi
, (4)

whereδxxi
is theKronecker-deltawhich is 1 if x = xi andzerootherwise.Theprobability

of indicesis, of course,p(i) = 1/N .

Theoptimalassignmentrule follows from thevariationalprinciple(2) andis givenby

p(c|i) =
p(c)

Z(i, λ)
exp

[

1

λ

∑

x

p(x|i) log2 [p(x|c)]

]

. (5)

whereZ(i, λ) ensuresnormalization.This equationhasto besolvedself consistentlyto-
getherwith eq.(3)andp(c) =

∑

i p(c|i)/N . Thesearethe InformationBottleneckequa-
tions andthey canbe solved iteratively [13]. Denotingby pn the probability distribution



afterthen-th iteration,theiterativealgorithmis givenby

pn(c|i) =
pn−1(c)

Zn(i, λ)
exp

[

1

λ

∑

x

p(x|i) log2 [pn−1(x|c)]

]

, (6)

pn(x|c) =
1

Npn−1(c)

∑

i

p(x|i)pn(c|i), (7)

pn(c) =
1

N

∑

i

pn(c|i). (8)

Let d(x,x′) be adistancemeasureon thedataspace.WechooseNc clustercentersx(0)
c at

randomandinitialize

p0(x|c) =
1

Z0(c, λ)
exp

[

−
1

s
d(x,x(0)

c )

]

(9)

whereZ0(c, λ) is a normalizationconstantand s > 0 is somearbitrary length scale–
the reasonfor introducings will becomeapparentin the following treatment.After each
iteration,wedeterminetheclustercentersx(n)

c , n ≥ 1, accordingto (compare[9])

0 =
∑

x

pn(x|c)
∂d(x,x

(n)
c )

∂x
(n)
c

, (10)

which for thesquareddistancereducesto

x
(n)
c =

∑

x

x pn(x|c). (11)

We furthermoreinitialize p0(c) = 1/Nc, whereNc is thenumberof clusters.Now define
the index c∗i suchthat it denotestheclusterwith clustercenterclosestto thedatumxi (in
then-th iteration):

c∗i := arg min
c

d(xi,x
(n)
c ). (12)

Proposition: If 0 < λ < 1, and if the cluster indexed by c∗i is non–empty, then for
n → ∞

p(c|i) = δcc∗
i
. (13)

Proof: From(7) and(4) we know thatpn(x|c) ∝
∑

i δxxi
pn(c|i)/pn−1(c) andfrom (6)

wehave

pn(c|i)/pn−1(c) ∝ exp

[

1

λ

∑

x

p(x|i) log2 [pn−1(x|c)]

]

, (14)

and hence pn(x|c) ∝ (pn−1(x|c))
1/λ. Substituting (9), we have p1(x|c) ∝

exp
[

− 1
sλd(x,x

(0)
c )

]

. Theclustercentersx(n)
c areupdatedin eachiterationandtherefore

wehaveaftern iterations:

pn(x|c) ∝ exp

[

−
1

sλn
d(x,x(n−1)

c )

]

(15)

wheretheproportionalityconstanthasto ensurenormalizationof theprobabilitymeasure.
Use(14)and(15) to find that

pn(c|i) ∝ pn−1(c) exp

[

−
1

sλn
d(xi,x

(n−1)
c )

]

. (16)



andagain theproportionalityconstanthasto ensurenormalization.We cannow write the
probabilitythatadatapoint is assignedto theclusternearestto it:

pn(c∗i |i) =


1 +
1

pn−1(c∗i )

∑

c6=c∗
i

pn−1(c) exp

[

−
1

sλn

(

d(xi,x
(n−1)
c ) − d(xi,x

(n−1)
c∗

i

)
)

]





−1

(17)

By definition d(xi,x
(n−1)
c ) − d(xi,x

(n−1)
c∗

i

) > 0 ∀c 6= c∗i , and thus for n → ∞,

exp
[

− 1
sλn

(

d(xi,x
(n−1)
c ) − d(xi,x

(n−1)
c∗

i

)
)]

→ 0, andfor clustersthatdo not havezero

occupancy, i.e for whichpn−1(c
∗
i ) > 0, we havep(c∗i |i) → 1. Finally, becauseof normal-

ization,p(c 6= c∗i |i) mustbezero.�

Fromeq.(13) followswith equations(4), (7) and(11) thatfor n → ∞

xc =
1

nc

∑

x

xiδcc∗
i
, (18)

wherenc =
∑

i δcc∗
i
. This meansthat for the squaredistancemeasure,this algorithm

producesthe familiar K–meanssolution: we geta hardclusteringassignment(13) where
eachdatumi is assignedto theclusterc∗i with thenearestcenter. Clustercentersareupdated
accordingto eq.(18)astheaverageof all thepointsthathavebeenassignedto thatcluster.
For someproblems,the squareddistancemight be inappropriate,andthe updaterule for
computingtheclustercentersdependson theparticulardistancefunction(seeeq.10).

Example. We considerthe squaredEuclideandistance,d(x,x′) = |x − x
′|2/2. With

this distancemeasure,eq. (15) tells us that the (Gaussian)distribution p(x|c) contracts
aroundtheclustercenterxc asthenumberof iterationsincreases.Thexc’s are,of course,
recomputedin every iteration,following eq. (11).

Wecreateasyntheticdatasetby drawing 2500datapointsi.i.d. from four two-dimensional
Gaussiandistributionswith differentmeansandthe samevariance.Figure(1) shows the
resultof numericaliterationof theequations(14)and(16)– ensuringpropernormalization
– aswell as(8) and(11), with λ = 0.5 ands = 0.5. Thealgorithmconvergesto a stable
solutionaftern = 14 iterations.

This algorithmis lesssensitive to initial conditionsthanthe regular K–meansalgorithm.
Wemeasurethegoodnessof theclassificationby evaluatinghow muchrelevantinformation
I(x, c) thesolutioncaptures.In thecasewearelookingat,therelevantinformationreduces
to the entropy H[p(c)] of the distribution p(c) at the solution3. We used1000different
randominitial conditionsfor the clustercentersandfor each,we iteratedeqs. (8), (11),
(14) and (16) on the datain Fig. 1. We found two different valuesfor H[p(c)] at the
solution, indicating that thereareat leasttwo local maximain I(x, c). Figure2 shows
the fractionof the initial conditionsthatconvergedto theglobalmaximum. This number
dependson the parameterss andλ. For d(x,x′) = |x − x

′|2/2s, the initial distribution
p(0)(x|c) is Gaussianwith variances. Largervariances makesthealgorithmlesssensitive
to the initial location of the clustercenters. Figure 2 shows that, for large valuesof s,
we obtaina solutionthat correspondsto the global maximumof I(x, c) for 100%of the
initial conditions.Here,we fixedλ at reasonablysmallvaluesto ensurefastconvergence
(λ ∈ {0.05, 0.1, 0.2}). For theseλ values,the numberof iterationstill convergencelies

3I(x, c) = H[p(c)] +
∑

x
p(x)

∑
c
p(c|x) log2(p(c|x)). Deterministicassignments:p(c|i) =

δcc∗
i
. Data points which are locatedat one particularposition: p(x|i) = δxxi

. We thus have
p(c|x) = 1

Np(c)

∑
i
p(c|i)p(x|i) = 1

Np(c)

∑
i
δxxi

δcc∗
i

= δcc∗
x
, wherec∗x = arg minc d(x,xc).

Then
∑

c
p(c|x) log2(p(c|x) = 0 andhenceI(x, c) = H[p(c)].
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Figure1: 2500datapointsdrawn i.i.d fromfourGaussiandistributionswith differentmeans
andthesamevariance.Thosedatawhich got assignedto thesameclusterareplottedwith
thesamesymbol.Thedottedtracesindicatemovementsof theclustercenters(blackstars)
from their initial positionsin thelower left cornerof thegraphto their final positionsclose
to themeansof theGaussiandistributions(blackcircles)after14 iterations.

between10 and20 (for 0.5 < s < 500). As we increaseλ thereis a (noisy)trendto more
iterations.In comparison,we did thesametestusingregularK–means[8] andobtaineda
globallyoptimalsolutionfrom only 75.8%of theinitial clusterlocations.

To seehow this algorithmperformson datain a higherdimensionalspace,we draw 2500
pointsfrom 4 twenty-dimensionalGaussianswith variance0.3alongeachdimension.The
typical euclideandistancesbetweenthe meansarearound7. We testedthe robustnessto
initial centerlocationsin the sameway aswe did for the two dimensionaldata. Despite
thehigh signalto noiseratio, theregularK–meansalgorithm[8], run on this data,findsa
globallyoptimalsolutionfor only 37.8%of theinitial centerlocations,presumablybecause
the datais relatively scarceand thereforethe objective function is relatively rough. We
foundthatour algorithmconvergedto theglobaloptimumfor between78.0%and81.0%
of theinitial centerlocationsfor largeenoughvaluesof s (1000 < s < 10000) andλ = 0.1.

3 Discussion

Connectionto deterministic annealing. For λ = 1, weobtainthesolution

pn(c|i) ∝ exp

[

−
1

s
d(xi,x

(n−1)
c )

]

(19)

wheretheproportionalityconstantensuresnormalization.This equation,togetherwith eq.
(11),recoverstheequationsderivedfrom ratedistortiontheoryin [9] (for squaredistance),
only herethe lengthscales appearsin thepositionof theannealingtemperatureT in [9].
We call this parametertheannealingtemperature,because[9] suggeststhe following de-
terministic annealingscheme:start with large T ; fix the xc’s and computethe optimal
assignmentrule accordingto eq. (19), thenfix theassignmentrule andcomputethexc’s
accordingto eq.(11),andrepeatthesetwo stepsuntil convergence.Thenlowerthetemper-
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Figure 2: Robustnessof algorithm to initial centerpositionsas a function of the initial
variance,s. 1000differentrandominitial positionswere usedto obtainclusteringsolutions
onthedatashown in Fig. 1. Displayedis, asafunctionof theinitial variances, thepercent
of initial centerpositionsthatconvergeto a globalmaximumof theobjective function. In
comparison,regularK–means[8] convergesto theglobaloptimumfor only 75.8%of the
initial centerpositions.Theparameterλ is keptfixedat reasonablysmallvalues(indicated
in theplot) to ensurefastconvergence(between10and20 iterations).

atureandrepeattheprocedure.Thereis nogeneralrulethattellsushow slow theannealing
hasto be. In contrast,thealgorithmwe havederivedherefor λ < 1 suggeststo startwith
a very largeinitial temperature,givenby sλ, by makings very largeandto lower thetem-
peraturerapidly by makingλ reasonablysmall. In contrastto thedeterministicannealing
scheme,wedonot iteratetheequationsfor theoptimalassignmentruleandclustercenters
till convergencebeforewelowerthetemperature,but insteadthetemperatureis loweredby
a factorof λ aftereachiteration.This producesanalgorithmthatconvergesrapidly while
findingagloballyoptimalsolutionwith highprobability.

For λ = 1, we furthermorefind from eq. (15), thatpn(x|c) ∝ exp
[

− 1
sd(x,x

(n−1)
c )

]

, and

for d(x,x′) = |x − x
′|2/2, theclustersaresimply Gaussians.

For λ > 1, weobtainauselesssolutionfor n → ∞, thatassignsall thedatato onecluster.

Optimal number of clusters Oneof the advancementsthat the approachwe havelaid
out hereshouldbring is that it shouldnow be possibleto extend our earlier resultson
finding the optimal numberof clusters[12] to the problemof geometricclustering. We
haveto leave the details for a future paper, but essentiallywe would argue that as we
observe afinite numberof datapoints,we make anerrorin estimatingthedistribution that
underliesthegenerationof thesedatapoints.This mis-estimateleadsto a systematicerror
in evaluatingthe relevant information. We havecomputedthis error using perturbation
theory[12]. For deterministicassignments(aswe havein thehardK–meanssolution),we
know thata correctionof theerror introducesa penaltyin theobjective functionfor using
moreclustersandthis allows us to find the optimal numberof clusters.Sinceour result
saysthatthepenaltydependsonthenumberof binsthatweuseto estimatethedistribution
underlyingthedata[12], we eitherhaveto know theresolutionwith which to look at our



data,or estimatethisresolutionfrom thesizeof thedataset,asin e.g.[1, 6]. A combination
of theseinsightsshouldtell ushow to determine,for geometricalclustering,thenumberof
clustersthatis optimalfor afinite dataset.

4 Conclusion

We haveshown that it is possibleto castgeometricalclusteringinto thegeneral,informa-
tion theoreticframework providedby theInformationBottleneckmethod.More precisely,
weclusterthedatakeepinginformationaboutlocationandwehaveshown thatthedegener-
acyof optimalsolutions,whicharisesfrom thefactthatthemutualinformationis invariant
to any invertible transformationof thevariables,canbelifted by thecorrectchoiceof the
initial conditionsfor theiterativealgorithmwhichsolvestheInformationBottleneckequa-
tions. We haveshown thatfor a largerangeof valuesof theLagrangemultiplier λ (which
regulatesthetrade-off betweencompressionandpreservationof relevant information),we
obtainanalgorithmthatconvergesto a hardclusteringK–meanssolution.We havefound
someindication that this algorithmmight be morerobust to initial centerlocationsthan
regular K–means. Our resultsalsosuggestan annealingscheme,which might prove to
befasterthanthedeterministicannealingapproachto geometricalclustering,known from
rate–distortiontheory [9]. We recover the later for λ = 1. Our resultsshednew light
on theconnectionbetweentherelatively novel InformationBottleneckmethodandearlier
approachesto clustering,particularlythewell-establishedK–meansalgorithm.
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